Abstract The present work proposes uniform and simultaneous computational analysis of smart, low power energy harvesting devices targeting flow-induced vibrations in order to enable reliable sensitivity, robustness and efficiency studies of the associated nonlinear system involving fluid, structure, piezo-ceramics and electric circuit. The article introduces a monolithic approach that provides simultaneous modeling and analysis of the coupled energy harvester, which involves surfacecoupled fluid-structure interaction, volume-coupled piezoelectric mechanics and a controlling energy harvesting circuit for applications in energy harvesting. A spacetime finite element approximation is used for the numerical solution of the governing equations of the flow-driven piezoelectric energy harvesting device. This method enables modeling of different types of structures (plate, shells) with varying cross sections and material compositions, and different types of simple and advanced harvesting circuits.
Introduction
Energy harvesting is the process of generating usable electrical energy acquired from various ambient energy sources such as solar, thermal, fluid and mechanical vibrations that surround a system. A steady increase in the growth of wireless and portable electronic devices has led to the development of sophisticated lowpower micro-electromechanical devices (MEMS) such as sensors and actuators. The portable nature of these devices necessitates their ability to carry their own power supply. The aim of energy harvesting is to scavenge energy from the environment to power these electronic devices. Such harvesting methods provide significant incentives to replace batteries as power source for providing electrical energy because of the limited lifespans of batteries, and persistent stagnation in the technological development of batteries over the years. Many applications related to wireless sensor networks and low power miniature sensors require them to be fully embedded in the structure and placed in remote locations. Conventional power sources like batteries are not an option for applications where the devices need to have their own power supply for an indefinite period of time and are only periodically maintained.
There are many methods to obtain useful electrical energy from the ambient vibration energy that usually goes untapped. Research interest towards developing energy-harvesting devices (EHDs) has grown rapidly over the past few years, and many methods have been proposed to make use of the ambient source to generate electrical power. Some of these methods include electrostatic generation, electromagnetic induction, dielectric elastomers, and piezoelectric materials. Energy harvesting from piezoelectric materials have gained significant attention, as is evident from the number of literature published every year in this field, due to their ability to convert mechanical energy from cyclic straining directly into useful electrical energy. For reviews on various forms of piezoelectric energy harvesting refer to [1, 2] .
The present work proposes uniform and simultaneous computational analysis of smart, low power energy harvesting devices targeting flow-induced vibrations in order to enable reliable sensitivity, robustness and efficiency studies of the associated nonlinear system involving fluid, structure, piezo-ceramics and electric circuit. The article introduces a monolithic approach that provides simultaneous modeling and analysis of the coupled energy harvester, which involves surface-coupled fluidstructure interaction, volume-coupled piezoelectric mechanics and a controlling energy harvesting circuit for applications in energy harvesting. A Space-time finite element approximation is used for the numerical solution of the governing equations of the flow-driven piezoelectric energy harvesting device. This method enables modeling of different types of structures (plate, shells) with varying cross sections and material compositions, and different types of simple and advanced harvesting circuits. It should be noted that it is a common practice in modeling of piezoelectric energy harvesters to consider a simple resistor element as a harvesting circuit.
The outline of this article is as follows. The remainder of Sect. 1 introduces the concept of piezoelectric energy harvesters and provides a brief review of various types of modeling approaches to the problem of piezoelectric energy harvesting from base excitations. Sect. 2 gives a brief overview of modeling approaches for flow-driven piezoelectric energy harvesters. Sect. 3 starts with the modeling assumptions of the present study and proceeds to establish in the detail the strong form of the governing equations of the multi-physics problem. The coupling conditions are also explained in Sect. 3. In Sect. 4, the weak form of the governing equations are derived and Sect. 5 explains the nature of space-time interpolation with an illustration. The theoretical concepts established are then applied to the problem of piezoelectric energy harvesting from a piezoelectric bimorph subjected to base excitations and presented as a case study in Sect. 6.
Harvesting mechanical vibrations
The prevalence of mechanical vibrations has attracted significant research interest in vibration-based energy harvesting methods. Power generation from ambient mechanical vibrations usually constitutes the conversion of ambient mechanical vibration into useful electrical energy with the help of an EHD, to power other devices with low power requirements. Piezoelectric transduction offers many advantages over other power generating methods due to it's low form factor, high energy density, ease of integration into other systems, and its unique ability to convert cyclic straining of the material into electrical energy.
Piezoelectric materials exhibit accumulation of electric charges in response to mechanical strains which is known as direct piezoelectric effect. The piezoelectric effect is a reversible process, where the materials exhibit change in their shape on application of an electric field known as inverse piezoelectric effect. Prototypical piezoelectric EHDs are cantilevers with a seismic mass and are attached to another substrate layer. They can be employed in various modes based on the electric field orientation and the polarization direction. Utilization of a proper coupling mode is one of the ways to increase the amount of energy harvested from the piezoelectric material. Two coupling mode exist viz., the −31 mode and the −33 mode respectively. The former is characterized by the straining of the material in the direction perpendicular to the poling direction and the latter by the straining in the same direction as the poling direction. The cantilever with a seismic mass configuration facilitates a lower resonant frequency in the first bending mode, making it easy to match the resonant frequency of the structure to the ambient vibrations to obtain maximum power output. Such systems are capable of producing power output ranging from a few µW to a few mW .
The performance of these piezoelectric devices depends on various factors like the type of piezoelectric material used, size of the harvesting device, mass distribution, shape of the structure, and vibration modes to name a few. The impact of different geometries on the power density of vibration energy harvesters was studied in [3] . Coupling coefficients, strain distribution, and vibration frequency were perceived as the three limiting factors in the field of piezoelectric power scavenging, and alternative geometries were proposed to address each of these limiting factors. The real world application space was deemed too limited for testing the design considerations to improve coupling co-efficients. The strain distribution in the geometry is improved by varying the width of a beam type structure for the full utilization of straining along the length. Experimentally a 30% increase in power was observed for trapezoidal beam compared to cantilever beams. An experimental comparison of several types of active composite actuators for power generation was carried out in [4] . The study compares a type of macro-fiber composite called MFCs made of piezoelectric fiber composites (PFCs) and interdigitated electrodes to two other actuators called Quick Pack consisting of a monolithic piezo-layer with standard electrodes and another actuator called Quick Pack IDE with interdigitated electrodes. They were all attached to the same beams and excited at their first twelve natural frequencies. The results showed that the conventional Quick Pack with stan-dard electrodes was able to harvest significant energy generating 137 µW at 64 Hz while the Quick Pack IDE and MFC produced 29 µ W and 12 µW respectively. It was concluded from the study that although the MFCs' fibrous structure itself was not detrimental to the harvesting capacity, it is the low capacitance due the interdigitated electrodes that deteriorates the power output. Hence the MFCs were found impractical to real-world applications even though they had higher coupling coefficients. It is evident that all design considerations are towards the maximization of the power output from the harvester as the scope of application widens with increase in power generation.
Models of piezoelectric energy harvesting devices
Over the years many mathematical models have been proposed for the modeling of piezoelectric energy harvesters ranging from simple SDOF (single degree of freedom) models with closed form solutions for the voltage output and vibration characteristics to more sophisticated analytical and numerical methods to address various aspects of modeling. Many of the early works employed simple SDOF models to predict the voltage response of piezoelectric energy harvesting devices driven by harmonic base excitations. Piezoelectric energy harvesters are usually attached to an external circuit that transforms the harvested energy into usable form. In [5] , an equivalent circuit model was proposed to account for the harvesting circuit along with the modeling of the energy harvester. The method discussed the representation of the energy harvester electrically, and then combined with the electrical representation of the harvesting circuit and modeled together in SPICE simulator. This method facilitated the representation of non-linear circuit components but suffered the drawback of simplification necessary for the harvester to be represented electrically. This prevented accounting for any change in harvester's properties during operating conditions. In another model developed in [6] , a coupled FEM-circuit method was presented to account for the modeling of electrical circuits where the energy harvester was modeled using finite elements and the coupled to the electrical part modeled using a SPICE simulator. This method had comparable advantages to the model in [5] but is computationally expensive and does not provide a realistic representation of the strongly-coupled physics.
One of the frequently addressed issues in the modeling of piezoelectric energy harvesters is capturing the effect of an attached harvesting circuit. This investigation has led to piezoelectric materials being used in passive shunt damping applications as well. Earlier studies modeled this impact as a viscous damping on the harvester which was a reasonable approximation only in the case of electromagnetic generators as pointed out in [7] . The physics of the piezoelectric system is much more complex, and the impact of a harvesting circuit seems too complex to be modeled as viscous damping. Since it is common understanding that maximum power is harvested at resonance, incorrect modeling of damping will lead to inaccurate result in predicting the frequency of the system. It was shown that the load-resistance depen-dent variation of the resonance frequency and amplification of the motion at opencircuit frequency are indicators for the need for better representation of the effect of harvesting circuits. In one of the most important works in the field, [7, 8] presents a mathematical model with distributed parameter solution based on Euler-Bernoulli assumptions, and comparisons with several SDOF models are made to point out the inaccuracies in popular SDOF models. Several flaws in SDOF models, ranging from the neglect of base rotary motion up to the simplified modeling of damping induced by piezoelectric coupling, are addressed in this work and correction factors are introduced, where necessary, to the SDOF models. In their work, the harmonic base excitation case is considered a particular solution of the general base excitation which includes superimposed rotary motion of the base as well. The study points out that the inertia due to rigid body motion was neglected in most of the SDOF models and hence a correction factor to this effect is proposed. The relative motion transmissibility function derived from the ratio of tip deflection to base deflection is used to form a non-dimensional basis for comparison of the model to SDOF models. It is shown that the error percentage as a function of dimensionless frequency was as high as 35% in SDOF model.
Only few piezoelectric energy harvesting applications, where the geometry of the energy harvesting device is simple, lend themselves to analytical solutions [9] . Most of the piezoelectric energy harvesting applications are complex, and numerical methods are needed to obtain the electromechanical response of such systems. A pioneering work on the finite element modeling of piezoelectric materials was presented by [10] , where mechanical displacements and electrical potential were used as unknowns and both direct and inverse piezoelectric effect were included in the formulation. Since then numerous piezoelectric finite elements have been developed including beam, plate, shell and solid elements. Readers are encouraged to refer to [11] for a detailed review of different finite element models used to model vibration based piezoelectric energy harvesters. Many of the reviewed finite elements use displacements and electric potential as unknowns as suggested by [10] with a linear approximation of the electric potential through the thickness of the element. However it was shown in [12] that the electric potential has a second order component in bending.
Mixed and hybrid finite element formulations are presented in [13, 14, 15, 16] . These formulations contain additional unknown fields besides mechanical displacements and electrical potential which reduces locking phenomena and makes the elements less susceptible to mesh distortion. The most general formulation is presented by [13] and contains six independent unknown fields which are displacements, strains and stresses for the mechanical part and electric potential, electric field and dielectric displacements for the electric part. Further mixed formulations with three and four unknown fields are derived from the six field formulation. A six field formulation is used by [15, 16] with additional enhancements for strain and electric field which further reduce locking.
Flow driven piezoelectric energy harvesters
A glance at recent surveys [2, 1] on piezoelectric energy harvesting indicates that much of the research work in this field is focused on harvesting energy from vibrations due to base excitations or the excitations of the structure to which the harvester is attached. This focus may be attributed to various sources of ambient energy in an urban environment, but alternative sources have to be identified in case of EHD devices placed in remote locations. One potential energy source in such locations is the kinetic energy of fluids, i.e wind or water, which cater to those requirements. In order to extract energy from fluid flows, the kinetic energy of the fluid must first be transformed into straining energy of the harvester, which is then converted into electrical energy and utilized with appropriate harvesting circuits. A key idea in fluid-driven piezoelectric energy harvesting is to utilize the flow energy through controlled aero-or hydro-elasticity phenomena. Traditionally, the idea is to avoid dangerous fluid-structure interactions. In flow-driven piezoelectric energy harvesting, potentially harmful fluctuations are harnessed to provide power supply to small-scale energy harvesting devices. However, the research on piezoelectric energy harvesters placed directly in the fluid flow is fairly limited. There are different mechanisms to convert the flow-energy into cyclic straining of the energy harvester.
One of the ways of harvesting energy from fluid flow is instability induced excitation caused by fluid-intrinsic physical properties. The self-exciting flow instability produces oscillating forces even if the structure is stationary (e.g. Kármán vortex street). A further amplification of the exciting force is possible for fluid-structure feedback. The concept of energy harvesting eel, where the cyclic straining of the harvester was achieved by water flow utilizing Kármán vortex sheets was introduced in [17] . This is one of the first works to study energy harvesting from fluid flow. The fluctuations of "eel" shaped polymer beams placed in the wake of a bluff body was investigated in this research. Tests were conducted on different membranes ranging from 0.1 mm to 0.7 mm placed in water channel running at speeds ranging between 0.05 m s −1 to 0.8 m s −1 . Two different widths of the bluff bodies viz., 5.08 cm and 3.81 cm were used to create the vortex sheets. It was shown that the membranes exhibited lock-in behavior to he shedding of the bluff body when they oscillate with the same frequency as the undisturbed wake behind the body.The relationship indicating conditions for locking were derived from Euler-Bernoulli beam theory. It was suggested that the eels should have small stiffness so as not to dampen the oscillations. Though the literature provides PIV(particle image velocimetry) images to support their predictions, it fails to provide any insights into the electrical output and the type of coupling existing between the multi-physics domains. A similar study on energy harvesting eels placed in the wake of a bluff body was carried out in [18] .
In addition to vibrations produced by Kármán vortex sheets, movement-induced excitation -caused by fluctuating flow forces resulting from movements of the vibrating structural part-also provides a way to utilize flow energy for EHDs. Small deviations from the equilibrium position of the structure induce a redistribution of impacting fluid forces, which further increases initial disturbances. This gives rise to ongoing transfer of flow energy to the structural oscillator and is called dynamic instability. Flutter response of a piezoelectrically damped cantilever pipe utilizing such flow instabilities was studied by [6] . Energy harvesting from fluid flows with attached electrical circuit was studied with a more comprehensive model by [19] . The study considered the case of harvesting energy in the wake of a circular cylinder at high Reynold's number. This study involved a combination of experimental and analytical model. This model also considered the three-way interactions of the fluid-flow, structure and the harvesting circuit at the same time in contrast to the most previous studies with loosely-coupled approach for emulating the real-life scenario. SDOF analytical model was chosen to represent the piezoelectric structure, and the coupling between the circuit and the harvester was considered only under the open-circuit condition which makes the model ineligible in predicting energy output for a finite circuit resistance.
Model of a flow-driven piezoelectric EHD
This section introduces the strong form of the equations that govern the fluid flow, the mechanical state and the electrical state of the flow-driven piezoelectric energy harvester. The coupled system consists of a piezoelectric structure placed in fluid flow, potentially in the wake of an arbitrarily shaped body, and connected to an electric circuit as shown in Fig. 1 . The solid consists of a substrate structure sandwiched between piezoelectric patches. The individual piezoelectric patches are assumed to be covered with continuous electrodes with one voltage output per patch. The electrodes are connected to a harvesting circuit. The harvesting circuit is assumed to consist of a simple resistance across the electrodes covering the patches, which, as mentioned earlier, is a common practice in modeling piezoelectric energy harvesting devices.
The choice of the solution strategy to a physical problem usually drives the modeling assumptions. The article proposes a monolithic solution strategy to the coupled problem of flow-driven energy harvesting which is a strongly-coupled modeling approach. To this extent, a native coupling between the fluid and the structural domain is achieved by 3D modeling of the piezoelectric thin structure formulated in terms of the structural velocity. This modeling approach also enables a straightforward application of constitutive models to piezoelectric coupling. In the present study, the flow is modeled as incompressible and viscous. Turbulence effects are not considered. Both the substrate structure and the piezoelectric material obey linear material laws.
The fluid flow is modeled with the incompressible Navier-Stokes equations, consisting of momentum and mass conservation equations, and is described using an Eulerian framework in the current configuration where the space-time domain Q = Ω × I within the time interval I = (t a ,t b ). The equations of the fluid domain are time-dependent and accommodates moving boundaries resulting from structural deformations. The behavior of the piezoelectric structure, and the circuit, within the time interval I = (t a ,t b ) and occupying the space-time domain Q 0 = Ω 0 × I, is described using a Lagrangian description in reference configuration. The subscript "0" refers to the reference configuration. Fig. 1 An illustration of the multi-physics flow-driven piezoelectric EHD based on a cantilever setup.
Fluid
The incompressible Navier-Stokes equations describing the fluid flow are
and
where v is the velocity of the fluid, f is the external body force, and ρ is the density of the fluid. The Cauchy stress tensor T is given by
where µ is the kinematic viscosity, p is the hydrostatic pressure. The Cauchy stress tensor depends linearly on the strain rate tensor D given by
with the boundary conditions being,
where P v in (5a) is the boundary on which velocityv is imposed as a Dirichlet boundary condition, and P t in (5b) is the boundary on which tractiont is imposed as a Neumann boundary conditions. The initial condition specifies a divergence free velocity field at time t = 0
Piezoelectric structure
The elastodynamic behavior of the piezoelectric structure is modeled based on the assumptions that the deformations are large and the material behavior is linear. The governing equations of the mechanical part of the electro-mechanically coupled piezoelectric structure are as follows
where (7) is the momentum balance equation, (8) gives the non-linear kinematic relation, and (9) depicts the coupled constitutive relation in rate form for the direct piezoelectric effect. S is the second Piola-Kirchoff tensor,Ė is the strain rate tensor, sD is the compliance matrix measured at constant electric displacement, [g] is the piezoelectric coefficient, andD is the dielectric displacement of the piezoelectric structure.
Velocityv is imposed as a Dirichlet boundary condition on P v 0 as
whereas tractiont is imposed as a Neumann boundary condition on P t 0 t −t = 0 on P t 0 .
The electromechanical behavior of the piezoelectric structure is described by Gauss' law which relates the distribution of electric charge to the electric field. A quasi-electrostatic approach is deemed adequate because the phase velocities of the acoustic waves are orders of magnitude less than the velocities of electromagnetic waves. The Gauss' law is given by
The electrical field rateĖ, is related to the electrical potential rate ψ, by the relationĖ
and the inverse piezoelectric constitutive equation in rate form is given bẏ
where the permittivity matrix, ε S −1 , is measured at constant stress. It is common in actuation and sensing applications of piezoelectric materials to impose electric potential and charge as Dirichlet and Neumann boundary conditions respectively. In the case of energy harvesting applications, however, both the electric potential and the electric charge are considered as unknowns. Most piezoelectric materials are manufactured with electrodes completely covering their top and bottom surfaces. Thus, a single potential output and charge output can be defined for individual piezoelectric patches. To this effect, appropriate Dirichlet and Neumann boundaries can be defined and a single potential and charge output can be assigned to them.
Electric potential rateψ is given as a Dirichlet boundary condition on P ψ 0 as
and electric chargeq is given as a Neumann boundary condition on P q 0 as
The electric potential rateψ, representing one of the two electrical variables defining individual piezoelectric patches, is further expressed as a single electrical potential output Φ p (t) of each piezoelectric patch.
It is pertinent to mention at this point, that the electrical field variables can be considered as analogous to the mechanical field variables. The electrical field variables charge and potential rate can be included in our intellection of generalized force and generalized structural velocity respectively. In the case of mixed hybrid model followed in this article, the analogy between electrical and mechanical field variables can be further extended to include electric field and electric displacement in our intellection of mechanical strain and mechanical stress respectively. This intellection provides for a clear comprehension of these quantities in a finite element framework.
Circuit
As mentioned earlier, individual piezoelectric patches are assumed to be covered with continuous electrodes. Free charges are localized on the electrode surface, and each electrode surface gives rise to a single voltage output. A harvesting circuit is attached to the electrodes, and the governing equations of the circuit are
where (17) is the charge conservation law. I is the current flowing through the circuit, and Q is the electrical charge flowing though the circuit. Eq. (18) is the Ohm's law relating potential difference, ∆ Φ and the current flowing through the circuit. R is the resistor element. ∆ Φ is the potential difference existing across the piezoelectric patches covering the substructure, and its value varies depending on the connection (series or parallel) between the patches.
Coupling conditions
Interface conditions determine how the different domains of the multi-physics system are coupled with each other, and depending on the interface conditions the modeling of the coupled domains can be either loosely coupled or strongly coupled. Since the research aims to have a strongly-coupled model of the flow-driven piezoelectric energy harvester, suitable interface conditions must be provided to represent the coupling between the fluid domain and the piezoelectric structural domain, and also the coupling between the electrical circuit and the harvester.
Fluid-structure interface
To complete the governing equations for the fluid-structure coupling consisting of a moving fluid-domain and vibrating elastic piezoelectric structure, coupling conditions have to be imposed on the interface P C = P S 0 ∩ P F where the superscripts S and F denotes solid interface and fluid interface respectively. Geometrical continuity (or mass conservation) at the interface is achieved with the condition
This leads to the momentum conservation enforced on the interface using the condition given by
The above relation demands equal tractions along the deforming fluid-structure interface [20] .
Circuit-structure interface
It is frequently assumed in many literature that the vibration characteristics of the energy harvesting device is independent of the electric circuit. However, as described in length in the previous sections, this assumption can lead to incorrect prediction of the harvester output. Piezoelectric sensors not connected to any circuit are usually modeled as current source in parallel with the capacitance of the piezoelectric material or a voltage source in series with the piezoelectric capacitance where, for the calculation of current source, the electric fieldẼ is assumed as zero for short-circuit conditions, and the dielectric displacementD is assumed zero for open-circuit calculations. But this condition is no more true in the case of an electric circuit attached directly to the piezoelectric structure. The circuit imposes a relation between the current flowing through the circuit and the voltage developed in the harvester due to the vibrations. This is given by the relation
where the voltage generated by the harvester Φ p (t) is assumed, a priori, equal to the voltage across the resistor element Φ R (t). The relation between this potential, and the current flowing through the resistor is given by equation (18) . This relation is indicative of the strong-coupling between the circuitry and the structural domain, and provides a way to understand how an external circuit might impact the power generation capability of a harvesting device.
Weak form of the governing equations
In contrast to traditional finite element methods for elastodynamics where the solution is discretized in space, and solved in time domain using finite difference methods for ODE's leading a to semi-discrete formulation, the space-time finite element method facilitates consistent discretization of both the space and the time domain leading to a uniform discretization of the governing equations in their weighted residual form. The underlying concept of the space-time finite element method is to include the temporal axis where a space-time domain Q is divided into N time slabs as Q n = Ω n × [t n ,t n+1 ] as shown in Fig.2 .
Fig . 2 Discretization of a domain with space-time finite elements using time slabs Q n , see [21] .
The time integration is performed using a time-discontinuous Galerkin method. The information flow, as in conventional finite difference methods, is in the direction of positive time, and the discontinuous Galerkin method (DG method) leads to a system in which the solution to a time-slab Q n = Ω n × [t n ,t n+1 ] depends on the solution of the previous time at slab t − n [22] . Hence the discontinuous approximation of the unknown fields in time leads to additional jump terms in the weak form which are derived in this section. The time integration scheme is implicit, A-Stable and third order accurate for linear interpolation in time [22] . For more detailed information on space-time finite elements readers are referred to [23, 22, 24] .
Fluid
The Galerkin weighted residual form of the governing equations from (1)-(5b) describing the fluid flow are given as follows
where (22a) represents the weighted form of the momentum conservation (1). Equation (3) describing the fluid constitutive equation, and equation (4) describing the fluid kinematics are satisfied exactly in equation (22a). Equation (22c) is the integral form of the mass conservation equation (2), weighted with the fluid pressure.
The Neumann boundary condition (5b) is considered in a weak sense in equation (22e), while the Dirichlet condition is applied exactly a priori. Equation (22d) contains the jump terms required due to the time differentiation of the velocity using discontinuous Galerkin method, ensuring the transfer of kinetic energy from the end of previous time slab t − n to the beginning of the current time slab at t + n at time t n .
Structure
Unlike traditional displacement finite elements, velocity based mixed-hybrid finite elements for the structure allows for the native coupling at the fluid structure interface without having to resort to enforcement of continuity using Lagrange multipliers. This coupling strategy is followed in the model presented by this article, and hence the structural discretization is done using velocity based finite element method. The weighted residual form of the governing equations from (7)- (11) of the elastodynamics problem, but without piezoelectric coupling terms, and depicting the behavior of the elastic structure is given as,
where (23a) and (23b) are the integral forms of (7), weighted with velocity. The constitutive law given by (9) , but without the coupling term, is solved in a weak sense on the element level leading to a mixed hybrid method. The jump terms in (23d) and (23e) allow for the consistent transfer of kinetic energy and internal mechanical energy between the time slabs t − n and t + n . The boundary tractions are considered in (23f). The displacement state u can be computed by the integration of the structural velocity v.
Piezoelectric material
The integral form of (7)- (11) including the piezoelectric coupling terms is given as
As seen in the case of the purely elastic problem, the constitutive equations (9) and (14) are solved in a weak sense in (24c) and (24d) on element level leading to a mixed hybrid form with mechanical stress and electric displacement as element level unknowns.They are spatially discontinuous at element edges and can be condensed on the element level. Potential rate, ψ is the additional global unknown field analogous to the velocity field.
Circuit
The integral form of the electrodes that cover the piezoelectric patches, and the harvester circuit attached to the electrodes are given as
where (25a) takes into account the charges localized on the continuous electrodes covering the patch, and the relation between the boundary charges and the single potential output of a piezoelectric patch is given in (25b). These terms together naturally enforce the equipotential condition of the electrodes explained in Sect. 3.2 and (21).
Discretization with space-time finite elements
This subsection details the procedure involved in discretization of the domains constituting the problem setup using different types of finite elements. As a first step, an illustration of the different domains constituting the coupled system and the corresponding unknown fields is shown in Fig.3 . Fig. 3 An illustration of the coupled multi-physics domains with the associated unknown fields.
Elements and space-time interpolation
An eight node hexahedral element as depicted in Fig. 4 is chosen to discretize the fluid, structural and the piezoelectric weak forms spatially. Several works [25, 20, 24, 21] detail the application of the space-time finite element method for fluid-structure interaction. Since the electric charges are collected only on the surface of the electrodes, a four node quadrilateral element as shown in Fig. 5 is chosen to discretize the electrodes covering the piezoelectric patch. The quadrilateral element contains the electric charge (q) and the potential rate (ψ) as its degrees if freedom (dof). The electrode cover over the piezoelectric patch is assumed to be continuous. Thus each piezoelectric patch gives rise to a single potential output. This equipotential condition is enforced naturally in the formulation by coupling the nodal electrical potential rate d.o.f.s of the quadrilateral element to the virtual node containing the electrical potential degree of freedom (Φ). The potential output of the harvester is also the potential across the resistive element constituting the harvester circuit. This is explained in detail later in this section. The hexahedral ele- Fig. 4 An eight-node hexahedral element and its node numbering sequence ment allows for a straightforward coupling of different domains (fluid, structure, and the piezoelectric material) without resorting to simplification of the problem under consideration. This approach also enables a strongly-coupled representation of the multi-physics problem. Locking phenomenon, which is encountered in modeling of thin structures using three dimensional elements is mitigated by adopting a mixed formulation. The thickness of the electrode is sufficiently smaller than the thickness of the piezoelectric patch, that the electrode layer is discretized using a four-node quadrilateral element. The various assumed field variables within a generic finite element are discretized as
where N α v in (26a) is the velocity interpolation matrix, and v m is the vector of nodal velocity d.o.f.s. N α ψ in (26b) is the electric potential rate interpolation matrix, and ψ e is vector of nodal electric potential rate dofs. N α S in (26c) is the mechanical stress shape function matrix, and S m is the vector of stress co-efficients. N α D in (26d) is the electric displacement shape function matrix, andD e is the vector of electric displacement coefficients. N α q in (26e) is the charge interpolation matrix, and q e is the vector of nodal charge d.o.f.s. N α Φ in (26f) is the electric potential interpolation matrix, and Φ e is the vector of nodal electric potential d.o.f.s. The subscripts "e" and "m" refer to mechanical and electrical quantities respectively. The superscript "α" refers to the fact that the fields are interpolated in space and time. The velocity and electric potential rate satisfy the continuity requirements. The assumed mechanical stress and dielectric displacement are not expressed in terms of nodal values, but through unique shape functions and can be independent of the ones in other elements.
It is pertinent at this point to explain the nature of space-time interpolation. For the sake of clarity and brevity, the four-node space-time quadrilateral element shown in Fig. 5 is taken as an example to briefly explain the derivation of space-time interpolation functions. For a more extensive study, readers are referred to [24, 22] . The extension of the concept to an eight-node hexahedral element is fairly straightforward. Typical shape functions used in spatial finite elements have an additional temporal component in space-time finite elements. For the four-node quadrilateral element, the spatial and temporal components of the typical space-time shape functions are given by 
where "i = 1, 2, ...n nodes " refers to the number of nodes and "α = 1, 2, .." refers to the temporal division of the time slab. ξ , η ∈ [−1, +1] are the natural spatial coordinates, and θ ∈ [−1, +1] is the natural temporal co-ordinate. Temporal shape function can be explicitly defined as opposed to the spatial shape functions which usually depends on the spatial dimensions. The temporal shape function is expressed as
Time derivative of any unknown field can be readily obtained by taking the derivative of (28) and is expressed as
The spatial co-ordinates x and y can be interpolated in space and time as given by the following equations assuming linear interpolation in time
Similarly, we can interpolate the temporal co-ordinate t, where t α i = t α for "i = 1, 2, 3, ...n" as
The derivative of the shape functions with respect to the global axis is given by the following equations
where in (33b) the derivative of global time axis with respect to the local spatial axes is zero t ,ξ ,t ,η = 0. Also, the structure is modeled in Lagrangian framework and hence the derivative of global axes with respect to the local time axes is zero x ,θ , y ,θ = 0 and t ,θ = ∆t 2 . With this brief introduction in place, for the eight-node hexahedral element shown in Figure 4 , the space-time interpolation function for the ith node can expressed as
where N i , i = 1, ..., n nodes , as seen earlier, is the spatial interpolation function and is given by
in which ξ , η and ζ ∈ [−1, +1] are the natural spatial co-ordinates. The assumed field variables potential rate and velocity can be interpolated as
where in (36a) and (36c), it can be seen that the are 16 potential rate dofs, and 48 velocity dofs.respectively. This is because the interpolation is performed in space and time. This is true in case of all the field variables. In (36c), I i is the ith order identity matrix. The mechanical stress and electric displacement are approximated using unique shape functions. For the mechanical stress, the stress shape function used in the Pian's hybrid element [26, 27, 28] is used. Pian's hybrid element contains 18 stress modes. For the electric displacement, the shape function employed in [13] is used. Sze's element contains 7 assumed electric displacement modes. In a space-time setting, the mechanical stress and electric displacement will have 36 and 14 assumed modes respectively. The number of assumed mechanical stress and electric displacement modes are chosen so to secure proper element rank.
The interpolation of the mechanical stress can be expressed as
where T m is the transformation matrix evaluated at the element origin, I is the identity matrix, and N S is the stress shape function matrix and given as 
The electrical displacement shape function as given in [13] , in a space-time setting, can be expressed as
where in (39), T e is the Jacobian matrix evaluated at the origin of the natural coordinates, and ND is the electric displacement shape function as given by
As mentioned earlier, the four-node quadrilateral space-time element shown in Figure 5 is employed as a boundary element to discretize the charges localized on the electrode surface. For this element, the space-time interpolation function for the ith node is given in (27) , where
The electric charge can be interpolated as,
The electric potential is discretized only in time domain to meet the equipotential condition. It is represented by a single virtual node in space, and thus has a unit shape function in space. The space-time interpolation of the electric potential is given expressed as
where N 1 in (43a) is 1. The expressions for mechanical strain rate (Ė) in (8) and electric field rate (Ė) in (13) can be obtained by differentiating (36d) and (36b) respectively, and expressed asĖ
As mentioned earlier, time derivative of any unknown field can easily be obtained by taking the derivative of time interpolation function as given in (29) and multiplying the spatial interpolation function. As an example, time derivative of velocity can be expressed as follows:v
Time derivative of other unknown fields can be obtained in the same way as shown above.
Monolithic solution strategy
At the element level, the space-time discretization of a specific time slab Q n applied to the weak form of the coupled system (22a) -(25b), leads to a system of coupled algebraic equations:
where K lin is the element level coefficient matrix, ∆ x is the vector of unknowns, and r is the residual vector. The mechanical stress and the electric displacement are discontinuous across the elements, they can be statically condensed on the element level. The resulting element-level matrices are assembled in the usual way by nodal addition of elemental contributions and can be expressed as
where K * lin is the global coefficient matrix, ∆ x * is the vector of global unknowns, and r * is the global residual vector.
Equation (47) is a monolithic algebraic representation of the discretized coupled multi-physics problem, and the solution to the unknown fields as shown in Fig.6 is obtained using the Newton-Raphson iterative scheme. 
Numerical Example
This section is devoted to the application of theoretical concepts explained in the preceding sections to the problem of piezoelectric energy harvesting from base excitations.
Problem setup
The bimorph cantilever beam considered in this numerical example is also discussed in [8] , and the basic setup is shown in Fig. 7 The substructure is sandwiched between two identical piezo patches which are fully covered with conductive electrodes. The piezo patches are polarized in the same direction thus constituting a parallel connection between the electrodes. A harvesting circuit constituting a resistor R is also attached to the electrodes. The base excitation causes longitudinal strains (x direction) in the beam which are coupled to the electric field in transverse direction (y direction) leading to a −31 coupling of the piezoelectric elements. The geometric and material properties of the piezoceramic and substrate layers are given in Table  1 . In Table 1 , the permittivity ε E 33 (ε 0 = 8.854 p F m −1 ) is the measure at constant strain and piezoelectric voltage coefficient d 31 is the measure used in strain-charge form of the piezoelectric constitutive equation. However, the constitutive relation given in equations (9) and (14) is expressed in terms ofĖ andĖ as a function of S andD. The following relations are used to transform the values in the table to fit the formulation given in (9) and (14) .
where cẼ is the Young's modulus Y p of the piezoelectric material measured at constant electric field as given in table.
The compliance matrix at constant dielectric displacement is obtained from the table values as follows
The piezoelectric voltage coefficient derived from displacement coefficient is given by
The substructure is discretized using a three dimensional mixed-hybrid spacetime structural element, and the piezoelectric material is discretized using a three dimensional mixed-hybrid space-time piezoelectric element. The electrodes on the top and the bottom surfaces of the bimorph are discretized using a spatially twodimensional space-time face element, and the harvester circuit is attached to the electrode elements by coupling them with a common virtual node. The length dimension of the bimorph is discretized using 15 elements, the width dimension with 2 elements. The substructure is discretized using 2 elements in the height dimension and the piezoelectric material with 3 elements. Since the substructure is sandwiched between two piezoelectric patches, the total number of elements in the height dimension of the bimorph is 8.
The parallel connection of the conductive electrodes is facilitated by having the same polarization direction for the top and bottom piezo elements. Physically this means that both the top and bottom surfaces of the bimorph constitute one terminal and the electrode layers present in the upper piezo-substructure interface and lower piezo-substructure interface constitute the other terminal. The interface terminal is grounded by setting the nodes of the piezoelectric element to zero. The potential on the top surface is equal to the potential of the bottom surface, and this potential drives the harvesting circuit represented by a resistor element.
In harvesting energy from base excitations, many studies focus on the excitation of the harvester at it's fundamental resonance frequency to investigate power output characteristics of the harvester. The first fundamental short circuit (R = 0) frequency of the piezoelectric bimorph considered in this study is 118.5 Hz. The bimorph is excited at this frequency to observe the power output and vibration characteristics. Fig. 8 presents the evolution of electrical power and electrical potential with time at two different resistances. Since it is impractical to have exactly zero resistance under experimental conditions, a resistance of 1 K Ω is chosen to represent short circuit condition. The harvester reaches a steady state voltage of 4V at short circuit condition compared to its steady stage voltage output of 6V at R = 10 K Ω. This behavior is expected as potential builds up in the electrodes when there is infinite resistance present between the terminals, and the electrical potential drops to zero when there is zero resistance present between the terminals. Moreover, the steady state power output of 4 mW is reasonable for the given base excitation. Fig. 9 presents the evolution of relative tip displacement and base excitation with time. The results suggests that when a finite resistance is present between the terminals, the displacement am-plitudes are suppressed. This is due to the fact that the attached circuit has an impact on the vibration characteristics of the harvester, and this impact can be captured effectively in a strongly-coupled modeling approach as presented in this study.
